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Abstract. In the recent, many mathematicians studied the multiple zeta function in 
the complex number field. In this paper we construct the p-adic analogue of multiple 
zeta function which interpolates the generalized multiple Bernoulli numbers attached to 
X at negative integers. 



§1. Introduction 

Let p be a fixed prime. Throughout this paper Z p , Q p , C and C p will, respectively, 
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the 
complex number field and the completion of algebraic closure of Q p , cf. [3, 10, 17]. 
Let v p be the normalized exponential valuation of C p with \p\ p = p~ v p^ = p~ x . The 
Bernoulli numbers in C are defined by 

f 00 f n 

(1) F(t) = ^— = V; B n - for \t\ < 2tv. 

n=0 

From the definition, one has B = l,Bi = —h,-'~ ■ Also Bzk+i = for k > 1. 
Bernoulli numbers are used to express the special values of Riemann zeta function 

C( s ) = E^Li ^ 5 for s e c i namely C( 2m ) = — — ^iLy. ' m - 1 - For tne 
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negative integers, we note that ((1 — 2m) = — The multiple Bernoulli numbers of 
order r are defined as 



(2) irr (t)= /__j =;>>«-, for |t| < 2vr, r G N. 



n=0 



Let x be an indeterminate. Then the multiple Bernoulli polynomials are also defined 
by 

(3) F r {tjX)= t__\ e ^ = Y j B^{x)- r for |t|<2vr,reN. 

^ e ' n=0 n ' 

Let x be a primitive Dirichlet character with conductor / e N. The generalized 
Bernoulli numbers attached to Xi Bn,x-> are defined by 



(4) 



^(') = £^rrr = £ B ^ for |*| <_ 

a=l n=0 ^ 



In [8, 9], the multiple generalized Bernoulli numbers attached to x-> Bn X , are defined 
by 

oi,"- ,a r =l n=0 

Kubota and Leopoldt proved the existence of meromorphic functions, L p (s, x), defined 
over the p-adic number field, that serve as p-adic equivalents of the Dirichlet L-series. 
These p-adic L-functions interpolate the values 

L p (l -n, X ) = --(!- X n(p)p n - 1 )B n , Xn , for n G N = {1, 2, • • • , } , 

where B UjX denote the nth generalized Bernoulli numbers associated with the primitive 
Dirichlet character x, and Xn = X w ~ n '■> with w the Teichmuller character, cf.[l-24]. 
In this paper we study analytic continued function which interpolates the multiple 
generalized Bernoulli numbers attached to x & t negative integers in complex plane. 
Finally we will construct multivariate p-adic L-function by using Washington's method. 
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2. Multivariate Dirichlet's //-function associated with the multiple 
generalized bernoulli numbers attached to x at negative integers in c 

In [8, 9], the multiple generalized numbers attached to %, B%} x , are defined by 

r (t) - T x(Ej.i "<)''' e ' s '- *" fV»«" ar 

" ( e ft _l)r ~ 2-^ D n,x n V I 1 ! ^ f ■ 

ai ,--- ,a r = l V ' n=0 J 

By (3) and (5), we easily see that 

(6) 41 = r~ r E 4 r) ( Ql + " f " + ar )x(ai + • • • + a r ), cf. [8, 9] . 

ai ,a r =0 

For sgC, multiple Hurwitz's zeta function is defined by 
(7) 

1 1 f°° 

(r(s,x) = 7-— 7 — "77 = rTT / ^r(-*,x)t- r - 1 dt, cf. [7, 8] . 

Note that 

( r (-n,x) = (-ly-^—B^lix), for n E N, cf. [16] . 
We also consider the below complex integral in C: 

ni,"- ,n r =0 
ni+---+n r ^O 

where x is the primitive Dirichlet's character with conductor f EN. 

From Eq.(8), we can derive the multivariate Dirichlet's L- function in complex plane 
as follows: 

Definition 1. For s G C, define 

o) L r (8, X )= E ^ (ni + '"- +n : ) , 

^ (ni H + n r ) s 

ni,--- ,n r =0 
ni + — \-n r =£0 

where x is the Dirichlet's character with conductor f EN. 



Note that L r (s, x) is meromorphic for s E C with poles at s = 1, 2, • • • , r. By (8) 
and (5), we obtain the following: 
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Theorem 2. For n G N, we /lave 

(!0) ^(-n,x) = (-l) r (^s2 P>x . 



Let s be a complex variable, a, F be integers with < a < F. Then we now consider 
the function H r (s; a±, ■ • • , a r \F) as follows: 

(11) 

H r (s; ai ,...,a r \F)= £ 1 = F-Cr(*. ~ + + ^ )• 

(mi + \- m r ) s F 

mi,- ,m r >0 
irii=ai( mod F) 

The function H r (s; a\, • • ■ , a r \F) is a meromorphic in whole complex plane with poles 
at s = 1, 2, • • • , r. 

Let x(t^ 1) be the Dirichlet's character with conductor FgN. Then the multivari- 
ate Dirichlet's L-function can be expressed as the sum 

F 

(12) L r (s,x)= ^2 H H a r )H r (s; ai, •■• ,a r \F) for s G C . 

By simple calculation, we easily see that 

(13) H r (-n; a u ■ ■ • , a r \F) = F n (-If ^-^^ r ( ai + ^ + <* ) for r, n G N. 
Thus, we have 

(14) L r (-n,x) = (-ir J^y B nl, x for n G N . 

By using Eq.(3), the Eq.(13) is modified by 
(15) 

From (12), (13) and (15), we can derive the below: 

1 1 F 

Lr{s,x) = Yr — { _ ^ XI x ^ aiH + a r )(aiH + a r ) r 

(16) llj=il s J)* ai ,...,a r =i 



m=0 
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Remark. The values of L r (s,x) at negative integers are algebraic, hence may be 
regarded as lying in an extension of Q p . We therefore look for a p-adic function which 
agrees with L r (s,x) at negative integers in the next section. 



3. Multivariate p-adic L-function 

In this section we shall consider the p-adic analogs of the multivariate L-function, 
L r (s,x), which were introduced in the previous section. Indeed this function is the 
p-adic interpolation function for the generalized multiple Bernoulli numbers attached 
to x- Let w denote the Teichmuller character, having conductor f w = q. For an 
arbitrary character Xi we define Xn = X w ~ n -> where n e Z, in the sense of the product 
of characters. Let < a >= w~ 1 (a)a = ^^y- Then, we note that < a >= 1 ( mod qL p ). 
Let Aj(x) = Y^=o a n,j xn i a n,j £ C p , j = 0, 1, 2, • • • be a sequence of power series, 
each of which converges in a fixed subset D = {s G C p ||s| p < \p*\~ 1 p~^ =T } of C p such 
that (1) a n j — > a n> o as j — > oo for Vn; (2) for each s E D and e > 0, there exists 

n o = ^o( s 5 e ) such that Xln>n a n,jS n < e for Vj. Then linij^oo Aj(s) = A (s) for 

- ' p 

all s E D. This is used by Washington [24] to show that each of the function w~ s (a)a s 
and X^m=o (m) ( o") ^ m ' 1 wnere F is the multiple of q and / = / x , is analytic in L>. 

Lemma 3, cf. [24]. (Washington) Let x be the primitive Dirichlet character, and let 
F be a positive integral multiple of q and f = f x . Define 

(17) M . lX ) = — - £ X (a) < a £ ( m J (7) «»■ 

a=l ™=° V / \ / 

(o,p) = l 

A^ote i/ioi L p (s, x) is analytic for s E D when x 7^ 1, and meromorphic for s E D, with 
simple pole at s = 1 having residue 1 — - u>/ien A = 1. Furthermore, for each n E Z, 
n > 1, we Ziave 

(18) L„(l - n, X ) = (1 " X»(p)P n_1 ) *»,x»- 



We now construct the multivariate p-adic L-function, L p r (s, x), which interpolates 
the multiple generalized Bernoulli numbers associated with x at negative integers. 
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Let F be a positive integral multiple of q and / = f x , and let us define the multi- 
variate p-adic //-function as follows: 
(19) 

1 1 F 

Lp, r {s,X) =i=fr 7 T-FC E X(°l H + a r ) < d\ -\ + Cl r > r 3 

llj=lK 8 -J)* , 

a\ ,a,, = l 

(aiH hfflT-,p) = l 

.f ( r ~ s ) ( 

Then L PjT .(s, is analytic for t G C p with < 1, provided s G D, except s 7^ 
1, 2, • ■ • , r — 1 when x 7^ 1. We now let n G Z, n > 1, and fix t G C p with |t| p < 1. 
Since F must be a multiple of / = f Xn . By (6), we see that 

(20) Bit, Xn+r =F n E ^t( ai+ F ' + ar )xn + ,(a 1 + --- + a r ). 

If Xn(p) = 0, then (p, / X J = 1, so that J is multiple of / Xn . Let 

Io = { ai — — ° r |ai + h a r = 0( mod p) for some O; G Z with < a; < F}. 

P 

Then we have 

^ E ^t( ai+ F " + ar )xn + ,(a 1 + . ■■ + «,.) 

oi,"- ,0^=0 
p\a 1 + ---a r 

(21) 



oi,-" ,a r =0 
/36/o 

Now we also define the second multiple generalized Bernoulli numbers attached to x 
as follows: 

F_ 

(22) < r k + .= (£f E X n+ rW)B^l U 
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Thus, we note that 



ID n+r,Xn,+r V Xn\P)£>n+r, Xn +r 



(23) 



F n £ Xn + ,(a 1 + --- + a r )^t( ai+ F " + ar ) 



si • • ,a r = l 
pfoiH ha 



By the definition of the multiple Bernoulli polynomials of order r, we see that 
(24) 




From (23) and (24), we can derive the below Eq.(25): 
(25) 

F 

B { :l, Xn+r - p n Xn{p)Bl%\ Xn+r =F~ r £ («! + ••• + a r )^ 'Xn+rfa + ' ' ' + «r) 

ai , • • • ,a r = l 
pfaiH h«r 




By (18) and (25), we easily see that 



L P ,r(-n,x) 
(-1Y 



n;=i(n+j) ^ r 



^ Xn+r(ai H ha r )(aiH h a r ) 



n+r 



ai , " ■ ,a, — 1 
(aiH h<Jr-,P) = l 



E 

m=0 



r + m 



m 



a± + ha, 



B (r) 



Therefore we obtain the below theorem: 
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Theorem 4. Let F be a positive integral of q and f = f x , and let 

L P ,r(s,x) 

1 1 



^ x(o>i H 1- o-r) < o,\ H h a r > 



i — s 



n;=i(*-i)^ 

ai ,a r = l 
(aiH ha r ,p) = l 

„^ V "> 7 Voi + '" + «r7 m 

Then, L Pjr (s, x) is analytic for t e C p , |t| p < 1, provided s E D, except s ^ 1, 2, • • • , r. 
v4/so, z/t e C p , |t| p < 1, £/ms function is analytic for s E D when x ^ 1, and meromor- 
phic for s E D. Furthermore, for each n E Z, n > 1, we have 

L p , r (-n, X ) = (-l) r (^yy (B ( :l, Xn+r -Xn + r{p)p n B^ Xn+r ) . 



The question to construct multivariate p-adic L-function in p-adic number field is 
still open. Theorem 4 can be considered as a part of answer for the question which was 
remained in [8]. 
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